Spatially-periodic patterns are studied in nonlocally coupled Gross-Pitaevskii equation. We show first that spatially periodic patterns appear in a model with the dipole-dipole interaction. Next, we study a model with a finite-range coupling, and show that a repulsively coupled system is closely related with an attractively coupled system and its soliton solution becomes a building block of the spatially-periodic structure. That is, the spatially-periodic structure can be interpreted as a soliton lattice. An approximate form of the soliton is given by a variational method. Furthermore, the effects of the rotating harmonic potential and spin-orbit coupling are numerically studied.
I. INTRODUCTION
Supersolid is an interesting material which is characterized with both the superfluidity and crystal structure [1, 2] . The superfluidity in solid 4 He has been studied as an example of supersolid. Recently, the supersolid phases are studied in Bose-Einstein condensates (BECs). The Gross-Pitaevskii equation is a mathematical model of matter waves of BECs [3, 4] . The GP equation is derived by a mean-field approximation of weakly interacting bosons at zero temperature. The effect of multi-body correlation and the fluctuation by finite temperature are neglected in the description by the GP equation. Various types of ground states were successfully described by the GP equations. For example, a vortex lattice state was observed in rotating BECs with repulsive interaction [5, 6] and was described by the GP equation [7, 8] . Localized matter waves called solitons were found in experiments of BECs [9] and the solitons were expressed as a ground state in the GP equation for Bose-Einstein condensate with attractive interaction [10] . Pomeau and Rica studied a nonlocally coupled Gross-Pitaevskii (GP) equation as a model of supersolid [11] . They showed the excitation spectrum exhibits the so-called roton minimum when a parameter exceeds a critical value which leads to the spatially periodic structure. Henkel, Nath, and Pohl studied the supersolid in Rydberg-dressed BECs [12] . Since then, the supersolid in the Rydberg-dressed BECs has been studied by many authors [13, 14] . The GP equation with the finite-range interaction was also studied by several authors [15] [16] [17] [18] . Prestipino et al. studied the spatially-periodic solution of the GP equation with a variational method [19] . Various other effects can be incorporated in the nonlocal GP equation. The effect of rotation to the Rydberg-dressed BECs was studied by Henkel et. al. [20] , and the effect of spin-orbit coupling was studied by Han et al. [21] . Cinti showed the supersolid phase using a Monte-Carlo simulation of N soft-core bosons [22, 23] .
For a certain parameter sets, a strongly localized structure appears in the spatially periodic solution. In this paper, we would like to propose a viewpoint that the localized structure can be interpreted as a soliton to a GP equation with an attractive interaction, and the spatially periodic solution can be interpreted as a soliton lattice. We will show that the localized solution can be approximated as a soliton to the nonlinear Schrödinger equation at a certain parameter range in a one-dimensional system. In Sec.2, we show spatially periodic patterns in a model with dipole-dipole interaction which might be more easily realized in experiments, although similar results were already shown in the GP equation for the Rydberg-dresses BECS. In Secs.3 and 4, we study spatially-periodic patterns in a simpler finite-range interaction model. The model equation with the repulsive interaction is closely related with an attractively coupled system. A soliton appears naturally in the attractively coupled system. The soliton is a building block of the spatially-periodic structure in the repulsive system. Furthermore, an approximate solution of the soliton is given by a variational method for the attractive GP equation. In Sec.5, spin-orbit coupled systems are studied, in which semi-vortex lattices are created. We show that the vortex structure is easily broken in a rotating harmonic potential. This type of spin-orbit coupled system under rotation has not been studied before.
II. SPATIALLY PERIODIC PATTERN IN THE ONE-DIMENSIONAL GROSS-PITAEVSKII EQUATIONS WITH DIPOLE-DIPOLE INTERACTION
The one-dimensional nonlocally coupled Gross-Pitaevskii equation is expressed as
where the Planck constant is set to be 1, m 0 = 1/β denotes a parameter proportional to particle mass. The second term on the right-hand side represents the repulsive and nonlocal interaction, where G(x − x ′ ) is an integral kernel characterizing the nonlocal coupling. For the Rydberg-dressed BECs, the integral kernel takes a form
There is a uniform solution to Eq. (1): φ(x) = Ae −iµt where µ = A 2 G(x)dx. The modulational instability of the uniform solution can be investigated by assuming the wave function as φ = A(1 + δ(x))e iµt+iθ(x)+λt . The eigenvalue λ(k) for the perturbation with wavevector k is given by
where G(k) = G(x)e ikx dx. If λ 2 (k) < 0, λ is pure imaginary and the uniform state is stable against the perturbation, however, if λ 2 (k) > 0, λ takes a real positive value and the uniform state becomes unstable. This corresponds to the roton softening in the excitation spectrum [11, 18] .
As an example, we show the instability in the case of the dipole-dipole interaction, since the nonlocal GP equation has been mainly studied for the Rydberg-dressed BECs and the finite-range interaction. Figure 1 
III. SOLITON LATTICES IN THE GROSS-PITAEVSKII EQUATION WITH FINITE-RANGE COUPLING
Hereafter, we consider a simple finite-range coupling expressed as
) including both the dipole-dipole interaction and the interaction in the Rydberg dressed BECs, i.e.,
Furthermore, the parameter β is set to 1. The model equation is rewritten as
Figure 2(a) shows a spatially-periodic structure obtained by the imaginary-time evolution method at g = 5, L = 20, L g = 5.5, and N = 1. Rhombi in Fig. 2(b) show the peak amplitudes of periodic solutions as a function of L g for g = 5, L = 20, and N = 1. Spatially-periodic solutions of wavelength L/3 appears at L g = 3.8 when L g increases. The periodic solution of mode m = 3 changes to a solution of mode m = 2 at L g = 5.6, and the one-hump solution of m = 1 appears at L g = 10.1. Equation (3) can be rewritten as
where the total norm is N = L 0 |φ| 2 dx and the spatial periodicity φ(x + L) = φ(x − L) = φ(x) is used. Note that the nonlocal repulsive interaction is changed into an attractive interaction. The BECs tend to be localized owing to the attractive interaction. This is a reason why a soliton-like localized structure appears. The soliton-like structure for mode m can be expressed as a solution to
in a system of size L ′ = L/m, and the norm is N ′ = N/m. Here, the term 2gN φ in Eq. (4) is neglected because the term can be removed by the transformation φe −i2gN t → φ, and the term is irrelevant to the spatial structure of the solution. The solid line in Fig. 2(b) shows the peak amplitude of the one-hump solution to the nonlocally-coupled attractive model equation Eq. (5) for m = 1, 2,, and 3. Good agreement is seen between the numerical results (rhombi) by the direct numerical simulations of Eq. (3) and those for Eq. (5) (solid lines).
The spatially periodic solution to Eq. (3) can be expressed as m trains of one-hump solutions to Eq. (5). When L g is changed as a control parameter, the peak amplitude of the soliton takes the maximum at a value slightly smaller than L/m and decreases rapidly to zero near L/m for each m. A strongly localized structure appears near the maximum point. We call the localized structure a soliton in this paper. The soliton generally appears in the GP equation with attractive interaction [10] . The soliton appears because the originally repulsive GP equation (3) can be transformed to an attractive GP equation (5) .
If (L − L g ) is sufficiently small, Eq. (5) for m = 1 is approximated at
This is equivalent to the nonlinear Schrödinger equation. The soliton solution to Eq. (6) is expressed as
where 2A 
If the Gaussian function is assumed for φ, i.e., φ = Ae
−αx
2 , E is expressed as
where N = π/(2α)A 2 . The variational approximation gives α from the minimization of E(α) and A is obtained from A = (N 2α/π) 1/2 . The dashed line in Fig. 2(d) shows the relationship between A and L g obtained by the variational method, which is a good approximation for L g < 18.2. 
IV. TWO-DIMENSIONAL GROSS-PITAEVSKII EQUATION
Next, we study the two dimensional nonlocally coupled GP equation. The two-dimensional integral kernel is expressed as
The model equation is written as
where the integral region 
where Fig. 3(c) .
The total energy E of Eq. (11) for m = 1 is expressed as
2 ) , E is expressed as
where
2 dz, and N = πA 2 /(2α). The variational approximation gives α from the minimization of E(α) and A is obtained from A = (2N α/π) 1/2 . The solid line in Fig. 3(d) is direct numerical results of Eq. (11) for m = 1. The dashed line in Fig. 3(d) shows the relationship between L g and A obtained by the variational method, which is a good approximation for L g < 18. The peak amplitude takes the maximum value at a certain L g slightly smaller than L/m, and the peak amplitude decreases rapidly and becomes 0 near L/m. That is, a very strongly localized structure or a two-dimensional soliton of large amplitude appears near L g = L/m. The behavior is similar to the one-dimensional system, however, the change of the peak amplitude near L/m is even larger in the two-dimensional system. However, there is no collapse phenomenon in the nonlocally coupled equation Eq. (11) with attractive interaction in contrast to the locally coupled two-dimensional nonlinear Schrödinger equation.
If the BECs are trapped in a rotating harmonic potential, the GP equation is expressed with where L z = −i(x∂/∂y − y∂/∂x) and Ω is the frequency of rotation. When K = Ω 2 , Eq. (14) becomes
If g = 0, this equation is equivalent to the 2D Schrödinger equation of a charged particle in uniform magnetic field Ω directed perpendicular to the (x, y) plane. For the locally coupled Gross-Pitaevskii equation with g > 0, a vortex lattice state appears [5] [6] [7] [8] . Figure 4 (a) shows a spatially-periodic state of wavelength L/4 at Ω = 1, g = 20, L = 20, L g = 3.5, and N = 16. In Fig. 4(a) , |φ| > 0.3 is satisfied in the green region and Reφ > 0.3 is satisfied in the blue region. The wave function φ changes in the azimuthal direction like φ(x, y) ∼ e ik(r)θ where θ is the angle around the center (0, 0). Figure 4(b) shows the numerically obtained wavenumber k(r) at several positions near the peaks of |φ| as a function of the distance from the center at Ω = 1. The dashed lines denote k(r) = Ωr. The wavenumber k(r) increases with r and the proportionality coefficient is equal to Ω. The term of −ΩL z in Eq. (15) induces the clockwise rotation of frequency Ω, which is compensated by the anti-clockwise rotation induced by the phase factor e ik(r)θ , and a stationary state appears. We can also interpret that this state is a vortex lattice state where vortices are expelled from the regions of the soliton lattice to the region of |φ| ∼ 0 and only the phase factor survives. 
V. SPIN-ORBIT COUPLED BOSE-EINSTEIN CONDENSATES
Spin-orbit coupled BECs have been intensively since Lin et al. realized the spin-orbit coupling in BECs experimentally [24] . In the spin-orbit coupled BECs, the spin-up and spin-down components interact with each other through the spin-orbit coupling k y σ x − k x σ y where k x and k y are the momentum operator in the x and y directions and σ x,y are the Pauli matrix. The spin-orbit coupled GP equations have been studied by several authors [25, 26] . Many remarkable nonlinear phenomena such as stripe patterns and solitons have been found in the spin-orbit coupled GP equations. Sakaguchi et al. found a vortex soliton called a semi-vortex in two-dimensional spin-orbit coupled GP equation [27] . In the semi-vortex, the spin-up component takes a form of a two-dimensional soliton and the spin-down component takes a form of localized vortex. A nonlocally coupled system with spin-orbit interaction in two dimensions is expressed as
where λ is the strength of the spin-orbit coupling and S is the integral region satisfying |x − x ′ | < L g and |y − y ′ | < L g . Figures 5(a) 
where If the spin-orbit coupled BECs are trapped in the rotating harmonic potential satisfying K = Ω 2 , the coupled GP equations are expressed as [28] 
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The semi-vortex lattice disappears when Ω increases. Figures 6(a)-(c) show regions satisfying |φ − | > 0.1 at (a) Ω = 0.001, (b) 0.002, and (c) 0.004 for L = 20, g = 20, L g = 3.5, λ = 1, and N = 16. Spatially-periodic semi-vortex lattices of wavelength L/4 appear at L g = 3.5. When Ω = 0, the vortices of φ − locate at the center of each localized structure. The vortex positions move toward the origin (0, 0) of the whole system. The movement is larger for the semi-vortices which is more distant from the origin. At Ω = 0.001, the vortices near the four corners go out of the shaded regions representing the localized structure. At Ω = 0.002, only the four vortices near the center survive. At Ω = 0.004, all vortices go out from the shaded regions. That is, the semi-vortex structure is broken at relatively small Ω. The peak amplitude of |φ + | and |φ − | take a similar value at Ω = 0.02. 
VI. SUMMARY
First, we have shown that a spatially-periodic structure can be created in a system with the dipole-dipole type nonlocal coupling. BECs with the dipole-dipole interaction might be more easily realized than the Rydberg-dressed Bose-Einstein condensates studied previously. Next, we have studied a model system with a finite-range nonlocal interaction more in detail. A spatially-periodic pattern like a square lattice appears in the repulsively coupled system in two dimensions owing to the anisotropy. Dynamical transitions between spatially periodic structures with different wavenumber occur when the interaction range L g is changed. We have found that the peak amplitude takes a sharp maximum slightly below L g = L/m (m integer) when L g is changed as a control parameter. The spatially periodic structure can be interpreted as a soliton lattice, in that the soliton structure is expressed by a solution to an attractively coupled system and works as a building block of the spatially-periodic pattern. Approximate solutions were derived by the variational method. In a rotating harmonic potential, a phase wave is induced in the azimuthal direction as φ ∼ e ik(r)θ . The wavevector along the azimuthal direction increases in proportion to the distance from the center of the harmonic potential, which implies the rigid rotation. In the spin-orbit coupled nonlocal model, semi-vortex lattices are created, however, the vortex structure is easily broken in the rotating harmonic potential.
